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F i r s t ,  the l imited engineer ing appl icabi l i ty  of the Biot method and of the heat-baLance in te -  
g r a l  is demons t ra t ed .  A m o r e  gene ra l  approach  ( in tegroenerget ica l  method) is then shown, 
with in tegra l  e s t i m a t e s  based  on conse rva t ion  laws. 

The ana lys i s  of nonl inear  t r ans i en t  heat  conduction has been of conce~ua to the expe r t s  in this field 
fo r  a long t ime  a l ready .  Along with n u m e r i c a l  and s e m i n u m e r i c a l  (zonal) methods ,  of undiminished i n t e r -  
e s t  a r e  a lso  app rox ima te  analyt ica l  solut ions (1) which would comple te ly  e l iminate  unwieldy "d i r ec t  count-  
ing" by compu te r  o r  would l imit  the computa t ions  to aux i l i a ry  ones only. 

Most  analy t ica l  methods  impose  cons iderab le  r e s t r i c t i o n s  on the nonl inear i ty ,  on the input s ignal ,  
etc.  F o r  ins tance,  in some ca se s  it is poss ib le  to introduce a se l f -ad jo in t  va r i ab le  [2-4]. * 

Among the m o r e  gene ra l  methods ,  the Biot va r ia t iona l  method [5-7] and the in tegra l  method [8-11] 
have in r ecen t  y e a r s  been widely used for  solving l inea r  as  wel l  as nonl inear  p r o b l e m s  of t r ans i en t  heat  
conduction. 

In tegra l  Method. The many va r i an t s  of  this  method reduce to an averag ing  of the f ield function with 
r e s p e c t  to the a - t h  m om en t  by means  of the in tegra l  t r a n s f o r m a t i o n  

i ox _1 a--i-, 
0 0 

(in t he rmotechn ica l  notation). 

With a = 0 we have the well  known hea t -ba lance  in tegra l  [9, 10]. 

It is quite evident  that  e x p r e s s i o n  (1) accounts  for  the ef fec ts  of nonl inear i ty  only at  the two e x t r e m e  
points:  0(0, t) = 0 s ,  0(~, t) = 0 and, when the field of some  incomplete ly  de t e rmina t e  function is a p p r o x i -  
ma ted ,  m a k e s  it poss ib le  to se lec t  one un ive r sa l  coordinate .  Thus,  the in tegra l  method y ie lds  one "sof t"  
condition and, t h e r e f o r e ,  is appl icable  to the solution of p r o b l e m s  involving p r o c e s s e s  c lose  to a l r eady  
known ones so  that  the approx imat ing  function 0(x, t) can be success fu l ly  se lected.  

Blot Method. Th i s  method,  in the opinion of many  authors  [5-7], is the m o s t  accu ra t e  one, inasmuch 
as  the Blot va r i a t iona l  pr inc ip le  y ie lds  the equation of heat  conduction. We note that  this fact  m e r e l y  indi-  
ca t e s  the gene ra l i ty  of the " l e a s t  act ion ~' p r inc ip le ,  while tell ing nothing about the t rue  accu racy  of a p p r o x -  
imate  solut ions obtained by the Blot method.  

Being gene ra l  and "exact"  in pr inc ip le ,  the Blot va r i a t iona l  method r equ i r e s  for  the solution of s p e -  
cific p r o b l e m s  that  the Hamil tonian be e x p r e s s e d  in expl ici t  f o rm and, t he r e fo re ,  both the genera l i ty  and 
the a c c u r a c y  d iminish  by the usual ly  a r b i t r a r y  value ass igned  to the p a r a m e t e r  s of the function prof i le  

* He re  and f rom now on r e f e r e n c e s  a r e  ci ted r e g a r d l e s s  of the p a r t i c u l a r  physical  p r o c e s s  (heat conduction,  
diffusion, etc.)  which the nonl inear  parabol ic  equation d e s c r i b e s .  
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which approximate  the t empera tu re  field: 

It is common prac t ice  to assume s = 2 [5, 7] or  to se lect  the value of s e i ther  on the basis of tes t  
data or  by compar ison with a l ready known solutions [6, 9]. Meanwhile, by considering the equation 

a--# a-T (3) 

and s t i pu l a t i ng  a n o n l i n e a r  t h e r m a l  c o n d u c t i v i t y  X(O) = p~p- I  (p __ 1), one can eas i l y  a s c e r t a i n  (on the bas is  
o f  s e l f - a d j o i n t  so lu t i ons ,  f o r  examp le )  tha t  at the l i m i t  sp ~ 1 we have l i ras = 0 and q = 2#~2t -, i .  e . ,  s = s(p). 

The physical  significance of this "mathematical"  incongruity is that solutions according to the Biot 
method with a stipulated value of s do not sat isfy the condition of heat balance, even when X = const. Thus, 
when the surface t empera tu re  of a semiinfiaitely large body r i ses  l inearly with t ime (0 s = t), we have [7], 
letting X = C = 1, 

q =  2.29~t- ,  0 = t(l - -  x/2.29 ! ~-)2. 

F r o m  this we obtain d i rec t ly  H s = 0.88~- and Q = 1.145~-, but 0.88 r 1.145 (a 26% discrepancy).  

We reca l l  that,  according to the Blot method [7], one f i rs t  inser ts  the express ion H = (d/dt) ~ into 
0 

the dissipat ive function in the var ia t ional  equation, then de termines  the part ia l  der ivat ives  of the appro -  
pr ia te  invariants with respec t  to q and q as with respec t  to independent var iables ,  and thus obtains an o r -  
dinary differential  equation in q(t). Meanwhile, q and q a re  related also through the equation of heat bal-  
ance and, therefore ,  par t ia l  differentiation, which is valid for  the exact  solution (where q and q a re  r e -  
lated uniquely), is permiss ib le  here  only at that definite value of s which sat isf ies  the f i rs t  integral  of Eq. 
(3). 

In tegroenerget ica l  Method. Since a var ia t ion of thermal  flux is defined not only in universal  coord i -  
nates  0 s and q but also by the profile (Q = COsq/(s  + 1)in (2), for example),  hence the profi le p a r a m e t e r  s 
of the approximating function is used as the third universal  coordinate.  

In the mos t  genera l  case ,  s is determined by the form of the h(O) nonlinearity as well as  by the form 
of the input signal 0 s and can, therefore ,  also be direct ly  a function of t ime: s = s(h, 0 s, t). Usually s 
= s(h, Os) = const  and, for  example,  s = s(p, n) when X = poP -1 and Os = t n (see la ter  in the text). 

In o rde r  to obtain an approximate solution, it is thus neces sa ry  to have three conditions: one exact 
condition at the boundary and two fundamental conditions which will be defined here.  

We introduce the " thermal  Poynting vector"  PO equal to the thermal  flux density through a closed 
surface per  unit t ime (the boundary of a hal f -space  may serve  as such a surface);  by definition 

Po = H0. (4) 

In o rde r  to calculate P0, we multiply Eq. (3) by 0dx and then integrate over  the interval  (0, q) on which 
the field exists.  Letting cp = C = coast ,  which does not affect the general i ty  of the resul ts ,  and noting 
that 0(q, t) = 0, we have now 

q q 

f - -  ~ (0s) 0~ (o, t) 0 (o,t) = ~ (0) O~dx+ -~ .  -~-. 
0 0 

Here and from now on we will use the following notation: 

_ O u  dx  Ou u.~, = a~u, u (o, t) = us (t) 
a x  Ox 

will not write the a rgument  t in denoting the values of the function at the surface,  and will omit the sub-  
scr ip t  O. 

Since 

- -  i~O~ = H,  d /d t  (CO) = ~ H x, 0 x (HO) = 8xOH -F OxHO, (6) 
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which,  a f t e r  mul t ip l ica t ion  by 2q02s , 
we have 

hence (4), (5), and (6) yie ld  

Ps = Pdiss + Ppot. (7) 

Thus ,  (5), (6), and (7) a r e  d i f ferent  f o r m s  of the equation of power  balance in a t r ans i en t  t e m p e r a t u r e  field. 

As the second condition we use  the f i r s t  in tegra l  of Eq. (3): 
q 

d ~8dx. (8) 
d r .  ! 

0 

Relat ions  (5 ) - (8 ) toge the rwi th  the boundary condition do comple te ly  define the approximat ing  function 
in the fo rm (2), for  example .  However ,  this  is not the only s ignif icance of the der ived  re la t ions .  Consid-  
e r ing  that  Eq. (8) y ie lds  a re la t ion  between q and q (which the Blot va r ia t iona l  equation does not) and in-  
se r t ing  (8) into the lef t -hand side of (5), we obtain 

q q 0 

c o ~ - g ,  odr = ~(o)O~dx+ C d 
, 2 df 

0 0 0 

It can be demons t r a t ed  that (9) is equivalent  to the Blot va r ia t iona l  equation, but in the l a t t e r  the d iss ipa t ive  
function is e x p r e s s e d  in t e r m s  of q and the input inergy as  well  as  the potent ia l  energy  of the field a r e  ex -  
p r e s s e d  in t e r m s  of q, while in (9}, on the o ther  hand, the d iss ipa t ive  function is r ende red  mean ing les s  by 
the unique re la t ion  between q and q in s y s t e m  (5)-(8). All this will  be conf i rmed  in subsequent  i l lus t ra t ive  
examples .  

Thus ,  conditions (5)-(8) fo r  approx imat ing  the field by an inde te rmina te  function with th ree  " d e g r e e s  
of f r eedom"  (0 s,  q, s) a s ,  fo r  example ,  function (2) yie ld  an app rox ima te  solution to the nonl inear  equa-  
tion of heat conduction which sa t i s f i e s  two conse rva t ion  laws and the " l e a s t  action" pr inciple .  

It is noteworthy that  no st ipulat ion has  been made  in this  ana lys i s  as  to the f o r m  of the nonl inear i t ies  
o r  of the boundary condit ions,  provided that  the l a t t e r  can be reduced to an a r b i t r a r y  (including a lso  a non- 
I inear)  input signal at the sur face .  

T h r e e  Examples  I l lus t ra t ing the Applicat ion of the I a t eg roenerge t i ca l  Method. We will  now cons ide r  
p r o c e s s e s  of t r ans ien t  heat  conduction in a ha l f - space  with an in terna l  nonI inear i ty  X = it(0) and with bound- 
a r c  conditions of the f i r s t  o r  of the second kind, in r e sponse  to an a r b i t r a r y  input signal:  e i the r  a t e m p e r -  
a tu re  0s(t) o r  a t h e r m a l  flux densi ty  Hs(t); we will  a lso  solve the s imp le s t  p r o b l e m  for  a plate so as  to 
i l lus t ra te  the effect  which an "au tomat ic"  de te rmina t ion  of the prof i le  p a r a m e t e r  s has when the p r o c e s s  is 
divided into two ranges .  

1. Le t  us find the t r ans ien t  t e m p e r a t u r e  field in a ha l f - space  whose t h e r m a l  conductivi ty is a func-  
t ion of the t e m p e r a t u r e ,  when the va r ia t ion  of the su r face  t e m p e r a t u r e  is a r b i t r a r i l y  aper iodic  (boundary 
condition of the f i r s t  kind). 

We let  it = p0 p-1 (1 _< p < r162 C = 1, 0s(t ) be an a r b i t r a r y  nondecreas ing  function of t ime ,  and i s ( t  ) 
_> 0. Using the approx imat ion  (2), we obtain f r o m  (5) 

= s2pO~s+ 1 1 d qO% 
P s =  spO~+I ; Pdiss " - - ;  /?pot= " �9 (10) 

q s ( p +  1)--1 q dt 2 (2s + 1) 

Inser t ing  the power  components  into (5) y ie lds  the equation 

2sp(sp 1)(2s + 1) nz+l d 
- ~ - ( q 0 ~ ) ,  

s(p ~- 1)--  i q d/ 

is immedia t e ly  in tegra ted  with r e s p e c t  to the va r i ab le  q0s 2. F inal ly ,  

Inser t ing  (2) into (8 )y ie lds  

A1 = 4 s p ( s p ~  1)(2s -5 1) . 
s(p + 1)--  1 

d (q0~). sp (s + 1) O~/q = T 

( i i )  

(i2) 
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T A B L E  1. C o m p a r a t i v e  S u m m a r y  of  So lu t ions  to  the  N o n l i n e a r  E q u a -  
t i on  of  H e a t  Conduc t ion  

C~ [ Published 
Method of solution 0 s (0 p s Q(t) AQ, % 

i Iq(t) source 

Integroenergetical method 
Integral method 
Biot method 
Exact solution 

Integroenergetical method 
Integral method 
Biot method 
Exact solution 

Integroenergetical method 

t 1 5,6 
t 1 3 
t 1 2 
t 1 - -  

|#~ 1 3,65 
V7  1 3 

VT 1 2 

V~ 1 - -  

t 1 

5 
2,82 
2,29 

4,13 
3,46 
2,81 

V2 

o, 76t 3/2 
o, 705 t 3/2 
0,765t 3/2 

4/3 ]fl~ t 312 

o, 888t 
0,865t 
0,94t 

]f~-/2t 

V Z/2 ~2 

+2 
0 

--0,2: 
--2,8 
+ 5 , 8  

o 

o 

[ 1 0 I  
[7] 

[lO] 
[7] 

Integral method t not applicable 
Biot method t 2 2,13 [ 0,711 t '~ + I  , 
Sclf-adjoint solution (accurate) t 1 1 I 21/2- t2 0 [3] 

Integtoenergetical method t O, 17( 0,556 0,475 t4,5 --3 
8elf-adjoint solution (accurate) t 0,16~ 0,576 0,495t 4'5 +1 [4]t 

Exact solution 1 t ' not available ] 

* Calculated by this author. 
"~Error of the self-adjolnt solution estimated on the basis of the largest discarded term. 

Fig. lb 

F r o m  h e r e  fo l lows  t ha t  

q (t) = ]/-A.- ~ ~ A2=2sp (s '~1 ). (13) 

W e  r e c a l l  t ha t  (11) and (13) both  y i e l d  the  s a m e  func t ion  q(t).  E l i m i n a t i n g  t h i s  func t ion ,  we  ob ta in  the  " c o n -  
ne c t i ng  equa t ion"  f o r  s: 

2 ( s p "  l)(2s + 1) 

[s(p + 1) - -  1](s +1)  

F r o m  (2) and (13) we  ob t a in  the  t h e r m a l  f lux 

Q (t) = V 2sp/s + 1 ~ o P + l d ~  , 

w h e r e  s i s  c a l c u l a t e d  f r o m  (14). 

-_ 0 2 ~ O~+'d___ t 
s !. - (14) 

(15) 

F o r  m o s t  w i d e l y  e n c o u n t e r e d  input  s i g n a l s  0s(t  ), the  r i g h t - h a n d  s ide  of  Eq. (14) i s  i ndependen t  of  
t i m e  and t h i s  c o r r e s p o n d s  to  the  a s s u m p t i o n  s = s{p) = c o n s t  m a d e  b e f o r e  so lv ing  the  p r o b l e m .  In any c a s e ,  
t h i s  cond i t i on  i s  s a t i s f i e d  by a func t ion  of  the  f o r m  

0 s (t) = (cl + c~t) n, (16) 

w h e r e  c i ,  e 2, and n a r e  n o u n e g a t i v e  c o n s t a n t s .  

If the  r i g h t - s i d e  of  Eq. (14) i s  a s t r o n g  func t ion  of  t i m e ,  then  Eqs .  (10) and (12) b e c o m e  i n c o m p a t i b l e  
and  the s o l u t i o n  m u s t  be  sough t  in the  f o r m  (2) wi th  s = s(t) .  Then  Eq. (14) b e c o m e s  an  i n t e g r a l  equa t ion  
f o r  s(t)  w h o s e  m e t h o d  of  s o l u t i o n  r e q u i r e s  a s e p a r a t e  a n a l y s i s .  

F o r  c o m p a r i s o n  wi th  w e l l  known s o l u t i o n s ,  we  show h e r e  the  r e s u l t  when  0 s = t n (0 -< n < oo). 

The  c o n n e c t i n g  equa t ion  (14) y i e l d s  

i / i 
ao s~ ~- als ~ a 2 = O, (14a) 

w h e r e  

ao =3n(p2- -1 )+3p- -1 ;  a l = n ( p ~ - - 5 p - - 4 ) + p - - 4 ;  a ~ = n ( 1 - - p ) - -  1. 

The  r o o t  s (p, n) of  (14a) i s  then  i n s e r t e d  into (13), (2), and (15). E v i d e n t l y ,  the  s a m e  s o l u t i o n  i s  o b t a i n e d  
by i n s e r t i o n  into (11). 
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r 

.--- 2a 

o,5 a t,o 
B j r  

Fig.  1. C o m p a r i s o n  be tween  t e m p e r a t u r e  p r o f i l e s  o b -  
t a ined  f o r  0 s = 1 and a n o n l i n e a r  X(0) c h a r a c t e r i s t i c :  
la )  by the  Blot  m e t h o d  wi th  p = 2 and X = 20, lb)  by 
the  i n t e g r o e n e r g e t i c a l  m e t h o d  wi th  p = 2 and X = 20, 
2a) a c c o r d i n g  to the s e l f - a d j o i n t  so lu t ion  wi th  p = 7 
and ~ = 706, 2b) by the i n t e g r o e n e r g e t i c a l  me thod  wi th  
p =  7 a n d X =  706 . 

2. Le t  us  so lve  the 
(boundary  condi t ion  of the 
t e r m s  of H s. Us ing  (2), we obta in  f r o m  (8)  

__O s _ s §  1 ~Hsdt .  
q 2 

On the o t h e r  hand,  - -H(x,  t) = X(0)0x(x, t) and f r o m  h e r e  

0 s = (qHs/PS) ~/p. 

E l i m i n a t i n g  0 s ,  we obta in  

w h e r e  

s a m e  p r o b l e m  wi th  a g iven  t h e r m a l  flux dens i t y  a t  the su r f ace :  Hs(t  ), Hs(t)  > 0 
second  kind). Th i s  p r o b l e m  r e d u c e s  to the p r e v i o u s  one,  if  0 s is  e x p r e s s e d  in 

(17) 

(is) 

q(' )  : (10) 

A..2 = ps(s + 1) ~ 

I n s e r t i n g  (18) into (10) y i e l d s  the  equa t ion  
2 (sp)X/~'(sp-- 1)(2s --  i) P+__! ,p d p+2 2 

s (p -!- l ) - -  I Hs p = q -  ~ - ( q  2 H s P ) '  (20) 

wh ich  is  m u l t i p l i e d  by (p + 1) / (p  + 2) (qP+2/2Hs2/P)-I/P+2 and then  i m m e d i a t e l y  i n t e g r a t e d  wi th  r e s p e c t  to 
the v a r i a b l e  in p a r e n t h e s e s .  F i n a l l y ,  we  have  

p + 3  

_o, ~,," ~ p+2 dt,)p/p+l q= A12Hs -/P' -I J Hs ' ' (21) 

w h e r e  

A12= {. 2 (sp)V" (sp - -  1)(2s + 1)(p § 1) },/,+1. 
[ s ( p - -  1 ) - -  ll(p + 2 )  

F r o m  (19) and (21) fo l lows  the connec t ing  equa t ion  f o r  s :  

2 (sp ~ 1)(2s + 1)(p -+- 1) -= H~/p+2 
[ s ( p +  l ) - - l ] (p -+-2 )  s 

f H # t  
p+3 

~ Hs p--~ dt 

3. L e t  us  d e t e r m i n e  the f ie ld  in an  in f in i te ly  l a r g e  p l a t e  whose  t h i c k n e s s  is  b and X = C = I ,  when  
the  t e m p e r a t u r e  a t  the s u r f a c e  x = 0 c h a n g e s  s t e p w i s e  f r o m  0 to 1. F o r  the f i r s t  p r o c e s s  r a n g e  0(x, 0) 
= 0, 0(0, t ) =  1, 0(b, t) = 0 we have  f r o m  (14a); 

' 2 s~ - -3s - -1  = O, s z = 1.78, q =  3.161/t-,  Q =  1.128V-Y. 

(22) 

649 



F o r  the second p r o c e s s  range  q = b = coas t ,  0 b > 0 we seek  the t e m p e r a t u r e  prof i le  in the f o r m  

O(x, t ) =  Ob-~-(l--Ob) ( 1 - - + )  s . 

Then 

Ps -- s(1 --Oh) _ sU(1 --Ob)U . 
b ; Pdiss -- (2s--  1)b" ' 

b 2 S6b(2S0b-+ 1)b ; T = ~ ;  s=/=s 1. 
Ppot --: (s + 1)(2s + 1) s -~ 1 

Inser t ing  the power  components  into (5), and (23) into (8), we obtain two equations: 

1 - - 0 b  = 2 s - - 1 .  0b(2S0b--l) 
T 2 s +  1 

which jointly y ie ld  the connecting equation: 

2 s - -  1 
2 s +  1 

1 - o_b = ob ' 
s(1 + o 0 -  1 T 

_ s ( 1  _ 0 0 -  1 

2 s 0 ~  1 

(23) 

(24) 

F r o m  (24) we find s 2 = 1.5 and T = 132/2.5 (the exact  value is T = 4b2/~ 2 = b2/2.45). 

Discuss ion  of the Resul t s .  Some solutions on the bas i s  of the preceding  examples ,  as  specia l  c a se s ,  
a r e  s u m m a r i z e d  in Table 1 and com pared  with a l ready  known solutions. F o r  k = coas t ,  m o r e o v e r ,  t h e  
solut ions a r e  a lso  com pa red  with those according  to Blot [5, 7] o r  Goodman [10]; for  ve ry  nonl inear  k(0) 
c h a r a c t e r i s t i c s  the compar i son  is made p r e f e r a b l y  with se l f -ad jo in t  solutions [2, 3] as  the m o s t  accura te  
ones (but providing a l m os t  no t rans i t ion  to the e x t r e m e  case  of l inear  p rob lems) .  Concerning p rob l ems  
with a s t rong in ternal  nonl inear i ty ,  we note tha t  no solution by the Blot method could be found in the t e ch -  
nical  l i t e r a tu r e  and  that  solut ions by the Goodman method would obviously be unsuitable here .  

Values  of the function 0(x, t) ca lcula ted  for  two nonl inear  proble.ms a r e  compa red  in Fig. 1. 

In addition to the example  given here ,  the method shown he re  was also applied to analogous p r o b l e m s  
fo r  a p la te ,  some  cooling p r o b l e m s ,  and the calculat ion of t r ans ien t  p r o c e s s e s  in m a s s i v e  nonl inear  m a g -  
nets .  It is in te res t ing  to note that  in the l a s t  of these  c a s e s  condition (5) becomes  the low of momen tu m 
conserva t ion :  

q 

i (0, t) B (0, t) = .  iB~dx + 2P dt . B2dx, (25) 
0 0 

where  i(x, t) denotes  the eddy cu r r en t ,  B(x, t) denotes the magnet ic  induction, a M  0 denotes the e l ec t r i c a l  
r e s i s t i v i t y  of the f e r romagne t i c  m a t e r i a l .  

In e a s e s  where  the accu racy  can be e s t ima ted  d i rec t ly ,  the e r r o r  in de te rmin ing  the functions Q(t) 
and O(x, t) did not exceed a few pereen t ,  except  in the range  of low O(t, x) va lues  at X = const  o r  in the 
ease  of a nonl iaear i ty  with a "constant"  component  (X = X0(1 + a0) ,  for  example) ,  a l a r g e r  e r r o r  being un-  
avoidable the re  because  of a finite q(t); this  had a lmos t  no effect  on the accu racy  of the de te rmina t ion  of 
the t h e r m a l  flux Q(x, t). 

The appl icabi l i ty  of this  method to p r o b l e m s  involving heat  sou rces  and phase  t r ans fo rma t ions ,  as  
wel l  as  the p rob l e m  of designing an a lgor i thm (where neces sa ry )  for  it, would requ i re  fu r the r  study. 

0 is the 
k(0) is the 
C is the 
H(x, t) is the 
Q(t) is the 
q(t) is the 
P0 is the 
T is the 
p is the 

N O T A T I O N  

tempe ra tu re ;  
t h e r m a l  conductivity; 
specif ic  heat  r e f e r r e d  to volume;  
t h e r m a l  flux density;  
t h e r m a l  flux; 
" z e r o  front" (dimension of the t h e r m a l  layer) ;  
" t h e r m a l  Poynting v e c t o r , "  W- C/mZ; 
t ime  constant;  
nonl inear i ty  p a r a m e t e r ;  
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s is the p a r a m e t e r  (degree) of the approximating function; 
x is the length coordinate;  
t is the time; 
b is the plate thickness;  
n is the p a r a m e t e r  (degree) of the parabola.  

S u b s c r i p t s  

s r e f e r s  to the surface  x = 9; 
b r e f e r s  to the t empera tu re  at the back end surface  (x -- b); 
A r e f e r s  to a constant which includes p a r a m e t e r s  p and s. 

1~ 
2. 

3. 
4. 

5. 
6. 
7. 

8: 
9. 

I0. 
ii. 
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